
Testing hypothesis about the 
population using sample 

statistics

Lecture 14



Recap: consequences of 
Central Limit Theorem

• If a population parameter that we are sampling over is normally 
distributed, then the distribution of sample means also follows a normal 
distribution with mean                   and standard deviation of  

• If the parameter in the population is not normally distributed, but the 
sample size n ≥ 30, then the distribution of sample means still is close to 
the same normal distribution 

𝜇 ҧ𝑥 = 𝜇
𝜎 ҧ𝑥 =  𝜎/ 𝑛



Statistical hypothesis testing

• A hypothesis test is a method for evaluating a claim, or hypothesis, 
about a population parameter by examining the statistical evidence 
against the claim based on a sample.

• We state null and alternative hypotheses about parameters. 

• The null hypothesis, Ho, is typically the by-chance or no-effect 
explanation

• The alternative hypothesis, Ha, is typically the explanation of an 
effect, or difference.



Level of confidence
• C – how confident we are in our decision (of rejecting Ho):
90%, 95%, 99%
• The larger C the more confident we are in our decision

• α – the probability that the reported result happened by chance 
(insignificant) : 1 – C

• The smaller the α (probability that it happened by chance), the more 
confident we are in our decision

Level of significance

Recap



Hypothesis

• A premise or a claim that we want to test

• Null hypothesis Ho – a currently accepted value of a population 
parameter

• Alternative hypothesis Ha – research hypothesis, a claim to be tested

Ex. A candy machine in this factory makes chocolate bars that weigh 
on average 5 g. 
A worker claims that the machine after maintenance no longer makes 
5-g bars. 



Hypothesis testing 
Step 1: Formulate Ho and Ha

• Ho: μ = 5
• Ha: μ ≠ 5

Ex. A candy machine in this factory makes chocolate bars that weigh 
on average 5 g. 
A worker claims that the machine after maintenance no longer makes 
5-g bars. 



Hypothesis testing 
Step 2: collect evidence (sample)

• Ho: μ = 5
• Ha: μ ≠ 5
• Measure 50 bars
• Calculate test statistic: ҧ𝑥  5.3?  4.95?   5.83?

Ex. A candy machine in this factory makes chocolate bars that weigh 
on average 5 g. 
A worker claims that the machine after maintenance no longer makes 
5-g bars. 



Hypothesis testing 
Step 3: is the difference statistically significant?

• Ho: μ = 5
• Ha: μ ≠ 5
• Measure 50 bars
• Calculate test statistic: ҧ𝑥  
• Determine if this sample mean is statistically significantly different 

from μ = 5

Ex. A candy machine in this factory makes chocolate bars that weigh 
on average 5 g. 
A worker claims that the machine after maintenance no longer makes 
5-g bars. 



Small sample sizes: t-distribution

• If the variable in the population is believed to be normally distributed, 
but if the sample size is < 30 – the sampling statistics follows a t-
distribution (sample means are t-distributed)

• In general, we should always use the t-distribution if the standard 
deviation σ of the population parameter is unknown

• The t-distribution is defined by the degrees of freedom DOF. These 
are related to the sample size: DOF = n-1

• At higher degrees of freedom (n >= 30), the t-distribution becomes 
practically indistinguishable from the normal distribution



• The shape of the t-
distribution depends on the 
degrees of freedom. 

• The curves with more 
degrees of freedom are 
taller and have thinner 
tails. 

• In any case, t-distributions 
always  have “heavier tails” 
than the z-distribution.

You can see how the curves 
with more degrees of 
freedom are more like a z-
distribution.

T-distributions for different DOFs



Statistical hypothesis testing: theory

• The null hypothesis Ho describes the accepted belief about the 
population parameter: μ 

• We formulate alternative hypothesis Ha and try to reject null 
hypothesis based on a sample statistic ҧ𝑥  

• We know that sample means are t-distributed (normally distributed)

• We want to know how far our sample mean ҧ𝑥  should be from μ to 
conclude that the difference is statistically significant (at a given 
significance level)

• If ҧ𝑥 is statistically significantly different from μ  we reject null 
hypothesis Ho

• If not: we fail to reject Ho        

 



Types of tests

Right-tailed Left-tailed Two-tailed



Hypothesis testing process
(small samples)

Given:
• Ho, Ha
• Significance level α 
• DOF (from sample size n: DOF = n-1)
• Test statistics computed from a sample: tDATA

To reject Ho
• Find tα (from a t-table)
• Depending on the problem see if tDATA  passes the threshold for 

rejecting Ho



Method of rejection regions

0

Reject null 
hypothesis

Ho: μ < 5
Ha: μ ≥ 5

Ho: μ ≥ 5
Ha: μ < 5

Right Tail test

Left Tail test

Ho: μ = 5
Ha: μ ≠ 5

Two Tail test

tα

α

Failed to reject

0tα

α

Failed to reject

0 tα/2

α/2

Failed to 
reject

-tα/2

α/2

Reject

RejectReject

Ho

tDATA
tDATA



Finding tα,DOF from t-table
n=29, DOF = 28   
α = 0.01

0 tα

α



Ex. 1: mean, small samples

• Ho: μ ≤ 28  n=29  tDATA = 1.99
• Ha: μ > 28  α = 0.01

• DOF = n-1 = 28
• tα = t0.01 @ 28 DOF  => t-table 

(see prev. slide)

• t0.01 = 2.47  Failed to reject Ho

The higher the significance, the lower is the confidence, and the 
easier it is to reject the null hypothesis

0 tα

α

T-table always gives the tα 
for α to the right

Right-tailed test

https://drive.google.com/file/d/13tU4dPLpSxMV_4YBXtrOpOlyE3H2SN96/view?usp=sharing
https://drive.google.com/file/d/13tU4dPLpSxMV_4YBXtrOpOlyE3H2SN96/view?usp=sharing
https://drive.google.com/file/d/13tU4dPLpSxMV_4YBXtrOpOlyE3H2SN96/view?usp=sharing


Calculating test statistics tDATA from a 
sample

𝑡𝐷𝐴𝑇𝐴 =
ҧ𝑥 − 𝜇

𝑠2

𝑛

Mean according 
to Ho

Sample 
mean

Sample 
variance

Sample 
size

We are trying to show that the difference between the sample mean and the 
population mean is not zero

tDATA computes the number of standard deviations of sample mean from the 
population mean 



Ex. 4

• Doctors at a hospital believe 
they see on average at least 8 
patients per day. 
Management claims that they 
did not see this many patients 
consistently. They sample 19 
doctors who report a sample 
mean of 7.5 patients seen per 
day with standard deviation of 
1.1 patients.

• Test management’s claim at 
0.025 level of significance

𝑡 =
ҧ𝑥 − 𝜇

𝑠2

𝑛



Ex. 4

• Doctors at a hospital believe 
they see on average at least 8 
patients per day. 
Management claims that they 
did not see this many patients 
consistently. They sample 19 
doctors who report a sample 
mean of 7.5 patients seen per 
day with standard deviation of 
1.1 patients.

• Test management’s claim at 
0.025 level of significance

𝑡 =
ҧ𝑥 − 𝜇

𝑠2

𝑛

Ho: μ >= 8
Ha: μ < 8

Sample mean: 7.5
μ = 8
s = 1.1

tDATA =  -1.98
tα=0.025 @ DOF=18 = -2.10
Fail to reject Ho



Hypothesis testing: 
means, large samples (n>30)

• When n grows – the t-distribution approaches the normal distribution
• We can use normal distribution for hypothesis testing when n≥30

• Test statistics zDATA:

𝑧 =
ҧ𝑥 − 𝜇

𝑠2

𝑛

The shape of normal distribution does 
not change with n (no DOF)

C α One-tailed test Two-tailed test

0.90 0.10 1.28 ±1.645

0.95 0.05 1.645 ±1.96

0.98 0.02 2.05 ±2.33

0.99 0.01 2.33 ±2.575



Ex 5: means, large samples
• For a standard test: records 

show that students on 
average score less than or 
equal to 850. 

• A test prep company claims 
that students who take their 
course will score on average 
higher than this. 

• To test, they sample 1000 
students who score on 
average 856 with standard 
deviation of 98 after taking 
their course. At 0.05 level of 
significance, test the 
company’s claim.

𝑧 =
ҧ𝑥 − 𝜇

𝑠2

𝑛



Ex 5: means, large samples
• For a standard test: records 

show that students on 
average score less than or 
equal to 850. 

• A test prep company claims 
that students who take their 
course will score on average 
higher than this. 

• To test, they sample 1000 
students who score on 
average 856 with standard 
deviation of 98 after taking 
their course. At 0.05 level of 
significance, test the 
company’s claim.

𝑧 =
ҧ𝑥 − 𝜇

𝑠2

𝑛

Ho: μ <= 850
Ha: μ > 850 right-tailed
α=0.05, C=0.95
zC = 1.645
zDATA = 1.94
Reject Ho

C α One-tailed test Two-tailed test

0.90 0.10 1.28 ±1.645

0.95 0.05 1.645 ±1.96

0.98 0.02 2.05 ±2.33

0.99 0.01 2.33 ±2.575



Hypothesis testing with rejection regions: 
summary

Given:
• Ho, Ha
• Significance level α 
• Sample of size n collected with the purpose to reject Ho
• Test statistics computed from a sample: tDATA or zDATA 

To reject Ho
• The goal is to show that the difference between population parameter 

claimed in Ho and the statistics observed in a sample is statistically 
significant (not by chance)

• Find tα, DOF=n-1 (from a t-table) or zc (from a z-table)
• Depending on the test type (right-tailed, left-tailed, two-tailed): see if 

test statistics passes the threshold



0

Reject null 
hypothesis

tα

α

Failed to reject

0tα

α

Failed to reject

0 tα/2

α/2

Failed to 
reject

-tα/2

α/2

Reject

RejectReject

Ho

tDATA

tDATA

0

Reject null 
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zC

C

Failed to reject

0zC

C

Failed to reject

0 zC/2

C

Failed to 
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-zC/2

Reject

RejectReject

Ho

zDATA

zDATA



p-values



Different results for different α

• Sometimes we are not sure what value of significance to use

0zDATA

α

Example: left-tailed test

zα20zDATA

α

zα1

Reject Ho at a different 
significance level α2 

Failed to reject Ho at 
significance level α1 

For the same sample



Hypothesis testing using p-values

• p-value - probability of obtaining a sample more extreme that the 
current data assuming that Ho is true

• How likely your data and beyond is observed under a null hypothesis



Hypothesis testing using p-values

• p-value - probability of obtaining a sample more extreme that the 
current data assuming that Ho is true

• How likely your data and beyond is observed under a null hypothesis

0zDATA

p

Example: left-tailed test

p-value lets you specify the level of significance from data, 
instead of testing current data with different α-thresholds



Finding probability 
of observing 
sample 
≤ zDATA = -1.34



Ex. 7: hypothesis testing with p-value

• Ho: μ ≥ 0.15   zDATA = -1.34

• Ha: μ < 0.15

• p(z<-1.34) = 0.00901 (see prev. slide)

0-1.34

p

• This means that if Ho is true then probability of observing this sample is 
<=0.009

• This is a very low probability, and we should probably reject Ho
 



Ex. 8: 
hypothesis testing with p-value and alpha 

• Ho: μ ≥ 409 zDATA = -1.87

• Ha: μ < 409 α = 0.05

• p(z<-1.87) = 0.0307 (from z-table)

If p ≤ α =>  reject Ho
If p > α =>  failed to reject Ho 

0zDATA

p=0.03 α=0.05

Reject Ho



Ex. 8: p-value for a two-tailed test

• Ho: μ = 2  zDATA = -2.28

• Ha: μ ≠ 2  α = 0.02

0zDATA

p
α/2 α/2

If p ≤ α/2 =>  reject Ho
If p > α/2 =>  failed to reject Ho 

p(z<-2.28) = 0.013 (from z-table)

Failed to reject Ho



Finding tα,DOF from t-table
n=29, DOF = 28   
α = 0.01



Ex. 9: mean, small samples, rejection regions

• Ho: μ ≤ 28  n=29   tDATA = 1.99
• Ha: μ > 28  α = 0.01

• DOF = n-1 = 28
• tα = t0.01 @ 28 DOF = 2.47  (see prev. slide)

• Failed to reject Ho

Method of rejection regions

0 tα

α

T-table always gives the tα 
for α to the right

Right-tailed test

tDATA



Finding p-value from t-table
n=29   
tDATA = 1.99



Ex. 9A: mean, small samples, p-value

• Ho: μ ≤ 28  n=29   tDATA = 1.99
• Ha: μ > 28  α = 0.01

• DOF = n-1 = 28
• p-value (t1.99, DOF = 28) ≈ 0.03 (see prev. slide)

• p-value > α

• Failed to reject Ho

0

α

Right-tailed test

tDATA

p-value

Using p-value



Population proportions



Population proportions

• Population proportion is a percentage of Bernoulli  
experiments with an outcome “yes”(success) -  a 
percentage of a population behaving a certain way

• The proportion (the probability of success) is 
denoted by small letter p. The probability of failure 
by letter q = 1-p

• The expected value (mean) of this distribution: µ = p

• The variance σ2 = pq, 

• The standard deviation σ = 𝑝(𝑝 − 1)

0 1

q
p

μ =p



• We can approximate the distribution of proportions (Bernoulli means) 
using normal distribution when:

np ≥ 5
n(1-p) ≥ 5

Hypotheses with population proportions

• Proportion of a sample is denoted as: Ƹ𝑝

𝑧𝐷𝐴𝑇𝐴 =
Ƹ𝑝 − 𝑝

Ƹ𝑝(1 − Ƹ𝑝)
𝑛

𝑧𝐷𝐴𝑇𝐴 =
ҧ𝑥 − 𝜇

𝑠2

𝑛

For population proportion For population mean

σ2

µҧ𝑥

Then the hypothesis test statistic is:

Compare 
to:



Ex. 10: proportions, p-value

• A report states that at least 
75% of women like red 
roses. 

• Alice claims this figure is 
too high. 

• She asks 125 women and 
finds that 92 do like red 
roses. 

• At a 0.10 level of 
significance test the claim.

𝑧𝐷𝐴𝑇𝐴 =
Ƹ𝑝 − 𝑝

Ƹ𝑝(1 − Ƹ𝑝)
𝑛



Ex. 10. proportions, p-value

• A report states that at least 
75% of women like red roses. 

• Alice claims this figure is too 
high. She asks 125 women 
and finds that 92 do like red 
roses. 

• At a 0.10 level of significance 
test the claim.

Ho: 𝑝 >= 0.75
Ha: 𝑝 < 0.75
Left-tailed test

From a sample:

Ƹ𝑝 =
92

125
= 0.736 , 

s2= 0.736*(1-0.736) = 0.19 
Can we use z-distribution?

np = 92 ≥ 5
n(1-p) = 125*0.264 = 33 ≥ 5 Yes!

zDATA = -0.362
p-value = p(z<-0.362) = 0.3594 > α = 0.1 

Failed to reject Ho

𝑧𝐷𝐴𝑇𝐴 =
Ƹ𝑝 − 𝑝

Ƹ𝑝(1 − Ƹ𝑝)
𝑛



Comparing two populations



Comparing means of two populations: 
large independent samples

• If n >=30 =>  use normal distribution

We want to compare:

• µ1 – population mean 1

• µ2 – population mean 2

Hypotheses of type:

• Ho: µ1 ≤ µ2

• Ha: µ1 > µ2

Usually written as:

• Ho: µ1 - µ2 ≤ 0

• Ha: µ1 - µ2 > 0

𝑧 =
( ҧ𝑥1− ҧ𝑥2)  − (𝜇1 − 𝜇2)

𝑠1
2

𝑛1
+

𝑠2
2

𝑛2

Then the test-statistic is:



Ex. 11

A company believes that employees who drink coffee do not complete more 
tasks per day than those who don’t drink coffee.

• Sample 1 (Non-coffee drinkers): n1 = 40, x̄1 = 16.9 tasks, s1 = 3.2

• Sample 2 (Coffee drinkers): n2 = 45, x̄2 = 18.2 tasks, s2 = 3.5

At α = 0.05, test if coffee drinkers are more productive.

𝑧 =
( ҧ𝑥1− ҧ𝑥2)  − (𝜇1 − 𝜇2)

𝑠1
2

𝑛1
+

𝑠2
2

𝑛2



Ex. 11

A company believes that employees who drink coffee do not complete more tasks 
per day than those who don’t drink coffee.

• Sample 1 (Non-coffee drinkers): n1 = 40, x1̄ = 16.9 tasks, s1 = 3.2

• Sample 2 (Coffee drinkers): n2 = 45, x2̄ = 18.2 tasks, s2 = 3.5

At α = 0.05, test if coffee drinkers are more productive.

• Ho: μ₁ ≥ μ₂   μ₁ - μ₂ ≥ 0  (no difference in drinkers-non-drinkers)

• Ha: μ₁ < μ₂  μ₁ - μ₂ < 0  (left-tailed test)

• Since under Ho the difference between μ₁ and μ₂ should be zero, the formula is 
simplified and we compute:

• zDATA = -1.79

• zC = -1.645

• Since zDATA < zC we reject H₀ — coffee drinkers are indeed more productive.

𝑧 =
( ҧ𝑥1− ҧ𝑥2)  − (𝜇1 − 𝜇2)

𝑠1
2

𝑛1
+

𝑠2
2

𝑛2



Comparing two proportions: large 
independent samples

• Independent (non-overlapping) samples

• For both samples:

• n Ƹ𝑝 >= 5

• n(1- Ƹ𝑝 ) >= 5

• Test statistic:

𝑧 =
Ƹ𝑝1 − Ƹ𝑝2 − (𝑝1 − 𝑝2)

ҧ𝑝(1 − ҧ𝑝)(
1

𝑛1
+

1
𝑛2

)

ҧ𝑝 =
𝑥1 + 𝑥2

𝑛1 + 𝑛2
where:

𝑝1 𝑝2



Ex. 12: Vaccine Effectiveness 

In a study, 400 people receive a new vaccine and 400 receive a placebo.

• Vaccine group: 18 people get sick (p1=18/400)

• Placebo group: 45 people get sick (p2=45/400)

At α = 0.05, test whether the vaccine reduces the infection rate.



Ex. 12: Vaccine Effectiveness 

In a study, 400 people receive a new vaccine and 400 receive a placebo.

• Vaccine group: 18 people get sick (p1=18/400)

• Placebo group: 45 people get sick (p2=45/400)

At α = 0.05, test whether the vaccine reduces the infection rate.

• Ho: p₁ ≥ p₂  p₁ - p₂ ≥ 0

• Ha: p₁ < p₂  p₁ - p₂ < 0

• For a left-tailed test at α = 0.05: zc ​=−1.645 

• 𝑧𝐷𝐴𝑇𝐴 = −3.55 < −1.645

• Reject H₀

• There is strong evidence (p ≈ 0.0002) that the vaccine significantly reduces infection 
rates compared to placebo.

𝑧 =
Ƹ𝑝1 − Ƹ𝑝2 − (𝑝1 − 𝑝2)

ҧ𝑝(1 − ҧ𝑝)(
1

𝑛1
+

1
𝑛2

)



Dependent samples: paired data

• In many studies we have the statistics about the same group of people: 
clinical studies, before/after

• Hypothesis testing with paired data



Ex. 13: paired data, small samples

Person 1 2 3 4 5

Before 160 175 182 180 160

After 155 158 179 179 159

d -5 -17 -3 -1 -1

• What is important here is the difference, not absolute values:
d = after – before

• We study mean of paired differences: ҧ𝑑 =
σ 𝑑

𝑛

• The means of differences follow t-distribution

• The test statistic is :

Population 1

Population 2

𝑡 =
ҧ𝑑 − 𝜇
𝑠𝑑

𝑛

Use rejection regionsDOF = n-1

weight loss drug



Ex. 13: solution

• We test whether the drug reduces weight on average.

• Ho: 𝜇𝑑 ≥ 0 (no decrease in mean weight)

• Ha: 𝜇𝑑 < 0 (weight decreases after treatment)

where 𝜇𝑑 is the population mean of the paired differences (After – Before).

• Compute sample mean: ҧ𝑥d = -5.4

• Compute sample standard deviation: sd = 6.69

• tDATA = (-5.4 – 0)/(6.69/sqrt(5)) = -1.81

• tα=0.05 @ DOF=4 = -2.132

• tDATA ​=−1.81>−2.132 => We failed to reject Ho

There isn’t enough evidence to conclude that the drug causes significant weight 
loss (at the 5% level of significance).


	Slide 1: Testing hypothesis about the population using sample statistics
	Slide 2: Recap: consequences of  Central Limit Theorem
	Slide 3: Statistical hypothesis testing
	Slide 4: Level of confidence
	Slide 5: Hypothesis
	Slide 6: Hypothesis testing  Step 1: Formulate Ho and Ha
	Slide 7: Hypothesis testing  Step 2: collect evidence (sample)
	Slide 8: Hypothesis testing  Step 3: is the difference statistically significant?
	Slide 10: Small sample sizes: t-distribution
	Slide 11: T-distributions for different DOFs
	Slide 12: Statistical hypothesis testing: theory
	Slide 13: Types of tests
	Slide 14: Hypothesis testing process (small samples)
	Slide 15: Method of rejection regions
	Slide 16: Finding tα,DOF from t-table
	Slide 17: Ex. 1: mean, small samples
	Slide 20: Calculating test statistics tDATA from a sample
	Slide 21: Ex. 4
	Slide 22: Ex. 4
	Slide 23: Hypothesis testing:  means, large samples (n>30)
	Slide 24: Ex 5: means, large samples
	Slide 25: Ex 5: means, large samples
	Slide 27: Hypothesis testing with rejection regions: summary
	Slide 28
	Slide 29: p-values
	Slide 30: Different results for different α
	Slide 31: Hypothesis testing using p-values
	Slide 32: Hypothesis testing using p-values
	Slide 33: Finding probability of observing sample  ≤ zDATA = -1.34
	Slide 34: Ex. 7: hypothesis testing with p-value
	Slide 35: Ex. 8:  hypothesis testing with p-value and alpha 
	Slide 36: Ex. 8: p-value for a two-tailed test
	Slide 37: Finding tα,DOF from t-table
	Slide 38: Ex. 9: mean, small samples, rejection regions
	Slide 39: Finding p-value from t-table
	Slide 40: Ex. 9A: mean, small samples, p-value
	Slide 41: Population proportions
	Slide 42: Population proportions
	Slide 43: Hypotheses with population proportions
	Slide 44: Ex. 10: proportions, p-value
	Slide 45: Ex. 10. proportions, p-value
	Slide 46: Comparing two populations
	Slide 47: Comparing means of two populations:  large independent samples
	Slide 48: Ex. 11
	Slide 49: Ex. 11
	Slide 50: Comparing two proportions: large independent samples
	Slide 51: Ex. 12: Vaccine Effectiveness 
	Slide 52: Ex. 12: Vaccine Effectiveness 
	Slide 53: Dependent samples: paired data
	Slide 54: Ex. 13: paired data, small samples
	Slide 55: Ex. 13: solution

